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A NONLINEAR METHOD FOR THE ESTIMATION OF 
REACTIVITY RATIOS IN COPOLY MERlZATlON PROCESSES 

CORNEL HAGIOPOL,* OCTAVIAN FRANGU, and LUCIAN DUMITRU 

ICECHIM-CCMP 
Spl. Independentei 202 
Bucharest 796 1 1, Romania 

ABSTRACT 

A nonlinear method (OPT) for the estimation of the reactivity ratios in 
copolymerization processes is proposed. This method makes use of all 
experimental data (the conversion values included) and may also use 
the composition equations determined according to either the simple 
terminal kinetic model or the penultimate model. It can be extended 
to ternary copolymerization processes, too. Application of OPT to 
ternary copolymerization data lead to reactivity ratios that are different 
from those obtained for the respective binary copolymerizations. The 
former give a better fit to the experimental results than the latter. 

INTRODUCTION 

It is quite important to know the values of the reactivity ratios in copolym- 
erization processes, for they are helpful for the calculation of copolymer com- 
position at various conversions [ 1,2] in the choice of azeotropic compositions 
[3] , as well as in carrying out semicontinuous copolymerization reactions 141 . 

The kinetic pictures of the propagation steps suggested by Mayo and Lewis 
for binary copolymerization and by Alfrey and Goldfinger for ternary co- 
polymerization are, in fact, simplified, and the resulting equations use apparent 
reactivity ratios only (ri and rib, respectively). 
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1364 HAGIOPOL, FRANGU, AND DUMITRU 

Binary copolymerization, which is the most conveniently studied copolym- 
erization type, represents the starting point of any attempt to analyze a co- 
polymerization process. The reactivity ratios determined for binary copolym- 
erization are also used to characterize multicomponent copolymerization 
processes. That is the reason why the Mayo-Lewis equation has been so 
thoroughly examined both in its differential and integral forms. This rela- 
tively simple equation led to various linearization methods for the computa- 
tion of the rj constants [5] . A critical approach to the Fineman-Ross (FR) 
and Yezrielev-Brokhina-Roskin methods was presented by Kelen and Tudos 
[6] , who also proposed an improved linear method (KT) for the estimation 
of r l  and r2 and of the confidence limits [7]. 

In spite of increased activity for developing new linear methods [8], the 
KT procedure still represents a landmark in this field. It has even brought 
about the recalculation of a great number or monomer reactivity ratios 
(MW [91. 

The complexity of the process under discussion has led to nonlinear tech- 
niques for the estimation of the MRR [ 10, 111 , which require a greater 
amount of calculation but are much more accurate. The resulting approxi- 
mate 95% confidence regions point out the superiority of the Tidwell- 
Mortimer method (TM). 

simpler linear methods and have made practical the tackling of nonlinear 
methods which require much more computation but lead to more accurate 
interpretations of the experimental data. 

If the MRR derived for binary copolymerization are used for multicom- 
ponent copolymerization, the kinetic approach is even more simplified. 
Still, it is necessary to find some method to permit the calculation of the ri 
for binary copolymerizations, and the rih for multicomponent copolymer- 
izations, directly from the experimental data. 

Suggestions have been made for taking into account the errors in all the 
variables [ 12, 131. Besides, a direct search method [ 14, 151 has been put 
forward for checking the penultimate model [ 161 , but special attention 
should be paid to the conversion data which may influence the calculation 
of the copolymer composition (mi) when the monomer composition (Mi) 
is far from the azeotropy point. 

The present paper proposes a method (OPT) which helps to find the 
optimum values of the apparent MRR by minimizing a certain function start- 
ing from the experimental data for binary and ternary copolymerizations, 
respectively. The conversion value recorded in each experiment is also taken 
into account. This technique makes use of a Simplex algorithm which pro- 

Improved computation techniques have reduced the benefits of the much 
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ESTIMATION OF REACTIVITY RATIOS 1365 

vides a step-by-step optimization, selectively taking into account the results 
of the previous steps. The modified algorithm of Nelder and Mead [ 171 has 
been developed to improve the convergence rate; this has also been used with 
excellent results in other research fields [ 18, 191 . 

RESULTS AND DISCUSSIONS 

Figure 1 shows the flow chart for the program used in the estimation of 

The objective function (F) to be minimized is 
the apparent MRR for copolymerization. 

where n is the number of monomers, p is the number of experiments, mJ(e )  
is the copolymer composition (experimentally determined) for Monomer i 
(i = 1, n)  found in the jth experiment (j = 1, p ) ,  and mi(')  is the mole frac- 
tion of Monomer i in the copolymer, calculated by the Mayo-Lewis or 
Alfrey-Goldfinger equation, from the monomer composition (Mi). The cal- 
culation may also use the equation for the penultimate model (161. 

Convergence is reached when the standard deviation (E) is smaller than 
a certain rather small quantity (E). The scatter, characterized by the parameter 
E, refers to the last steps selected, and the limiting standard deviation is chosen 
to be E = 0.1. The convergence rate depends on the reflexion (a), contraction 
( P ) ,  and expansion (7) coefficients proposed by different authors who used 
the same kind of algorithm [ 181 to optimize other functions. 

The flow chart in Fig. 1 helped to develop a set of programs for the esti- 
mation of the MRR for ternary copolymerization (OPT-6) or binary copolym- 
erization (from the equation defrned according to the simple terminal model 
(OFT-2) or the penultimate model (OPT-4)). For such cases, the conversion 
is set at a low level (0.1%) and the F function is labeled as Fco. 

The estimation of the MRR through the SCCC subroutine was performed 
with the OPT-2C, OPT-4C, and OPT-6C programs, respectively. The SCCC 
subroutine integrates the differential equation for the m?(') calculation at 
the conversion noted for the jth experiment. Under such circumstances the 
F function is calculated for the conversion found for each experiment (Fc). 
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FIG. 1 .  Flow chart for the program (OPT) used for the estimation of ap- 
parent reactivity ratios of monomers in copolymerization processes. 
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1368 HAGIOPOL, FRANGU, AND DUMLTRU 

To verify this method, data available in the literature for different systems 
have been used. The experimental sets were selected with two criteria: the 
choice of the most comprehensive set of experiments and covering the widest 
range of the MJMh ratios in the initial comonomer mixture. The conversion 
values should be available as well. 

For these reasons, acrylonitrile (AN-Ml )/styrene (St-M2) [20] , acrylo- 
nitrile (MI)/N-vinyl caprolactam (NVC-M2) 12 11 , and 2,4,6-tribromophenyl 
methacrylate (TBPM-MI )/acrylonitrile (M, ) I221 copolymerizations were 
chosen. The monomer ( M i )  and copolymer (rn{(')) compositions as well as 
the conversion values are used as input data. 

The apparent MRR were estimated by the FR, KT, and TM methods. The 
technique (OPT) put forward in this paper allowed the estimation of other 
values of rl and r2 (for the simple terminal model, Program OPT-2) or rl 
rZ1 ,  r Z 2 ,  and r12 (for the penultimate model, Program OPT-4) for which a 
minimum value is calculated for the F function. Table 1 shows the MRR 
values estimated by the above-mentioned techniques and the corresponding 
values of the F function for AN/NVC copolymerization. 

tically identical results: 
The TM and OPT-2 methods are the most appropriate. They lead to prac- 

The effect of taking the conversion values into account can be noted, 

for the same technique of processing data and for 

and 

The size of the approximate 95% confidence region shown in Fig. 2 for 
AN/NVC (the region is bounded by contours corresponding to those of the 
probability function [lo]) bears this for the F function. 

The approximate 95% confidence regions, for the calculation of which 
the SCCC was used (Fig. 2), points out the benefits of taking into account 
the conversion data. Analysis of the St/AN and TBPM/AN copolymeriza- 
tions (Tables 2 and 3, Fig. 3) leads to similar conclusions. 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
7
:
5
0
 
2
4
 
J
a
n
u
a
r
y
 
2
0
1
1



rn
 Y U
 

TA
B

LE
 1

. 
R

ea
ct

iv
ity

 R
at

io
s f

or
 A

N
 (M

,)/
N

V
C

 (M
z)

 C
op

ol
ym

er
iz

at
io

n 
Es

tim
at

ed
 b

y 
V

ar
io

us
 M

et
ho

ds
 

-n
 

R
 

rn
 
D
 

Es
tim

at
io

n 
m

et
ho

d 
r 

M
RR

 
FR

 
K

T 
TM

 
O

PT
-2

 
O

PT
-2

c 
O

PT
-4

 
O

PT
-4

C
 

2 I -I -<
 
a
 
9
 

r1
1 

0.
27

5 
0.

19
4 

0.
2 1

5 
0.

21
5 

0.
20

5 
0.

27
6 

0.
33

9 

ra
 2 

0.
12

5 
0.

03
 5 

0.
02

7 
0.

02
7 

0.
02

4 
4.

3 
x 

10
-5

 
4.

9 
x 

10
-5

 
0.

15
4 

1
 a 

r2
 1

 
0.

27
5a

 
0.

19
4a

 
0.

21
5a

 
0.

21
Sa

 
0.

20
5a

 
0.

18
7 

r1
2 

0.
12

Sa
 

0.
03

5a
 

0.
02

7a
 

0.
02

7a
 

0.
02

4a
 

0.
05

5 
0.

06
0 

F,
, 

x 
lo

3 
87

.7
 

36
.2

 
33

.2
 

33
.2

 
-
 

26
.5

 
-
 

F
, 

X 
lo

3 
94

.1
 

35
.9

 
32

.1
 

32
.1

 
31

.7
 

21
.4

 
19

.2
 

ar
zl

 =
 1
11

 a
nd

 r
1

2
 =

 r
Z

2
 (f

or
 th

e 
si

m
pl

e 
te

rm
in

al
 m

od
el

). 

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
7
:
5
0
 
2
4
 
J
a
n
u
a
r
y
 
2
0
1
1



1370 HAGIOPOL, FRANGU,AND DUMITRU 

0,1 0,15 0,2 0,25 0,3 0,35 
r1 

FIG. 2. The approximate 95% confidence regions, calculated by means of 
the conversion data, for the reactivity ratios determined by the KT, OPT-2, 
and OPT-2C methods for AN (M1)/NVC (M2) copolymerization. 

The OPT method proposed in the present paper proved to be a multipur- 
pose one: it takes into account many parameters, sets the mil(') for a large 
number of experiments, and selects the optimum MRR values. Thus, it can 
use the composition equation determined according to the penultimate model 
for binary copolymerization (OPT-4 and OPT-4C programs, respectively). Use 
of the penultimate model and of the conversion in the calculation gives values 
with a better fit to the experimental ones (Tables 1-3 and Fig. 4). 

These features of the OPT method make it possible to calculate the appar- 
ent MRR (Tih) of the monomers involved in a multicomponent copolymeriza- 
tion. In the following, the results of calculations from the experimental data 
for the methacrylonitrile (MAN-MI )/St (Mz)/a-methylstyrene (MSt-M, ) [23] 
ternary copolymerization are presented. 

The above-mentioned ternary system was chosen because it was the one 
that Rudin and coworkers adopted to verify other optimization methods. 
Table 4 shows the MRR calculated for the respective binary copolymerizations 
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rl 

FIG. 3. The approximate 95% confidence regions for the reactivity ratios 
determined by the OPT-2 and OPT-2C methods for TBPM (M,)/AN ( M 2 )  co- 
polymerization. 

[23-251 together with those proposed by Rudin and coworkers for their M-1, 
M-2, and M-3 optimization models. The rih values determined with the OPT-6 
program are also listed. 

The MRR sets shown in Table 4 are obviously different, particularly the 
values of rIJ  and r 2 3 .  With F as the criterion for the agreement between the 
calculated (mi'") and the experimental (mi("') values, the superiority of 
all the optimization techniques that make use of ternary copolymerization 
data is apparent. Model M-2 is Rudin's best optimization, but even this is 
significantly less effective than the OPT-6 program of this paper. 

technique is shown especially by the approximate 95% confidence regions in 
Figs. 5 , 6 ,  and 7. 

These findings reveal significant differences between the sets of apparent 
MRR calculated from the binary copolymerizations and those obtained upon 
a proper calculation from the ternary copolymerization experimental data. 

The similarity between the and the mi(') calculated with the OPT-6 
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HAGIOPOL, FRANGU, AND DUMITRU 

.7 8 .9 I. 0 1.1 1.2 
'n 

FIG. 4. The approximate 95% confidence regions for the reactivity ratios 
determined by the OPT-4 (121 = 0.960, r12 = 0.158) and OPT-4C (121 = 0.986, 
rlz = 0.161) methods for TBPM (Ml)/AN ( M z )  copolymerization. 

The results in the present paper indicate the necessity to analyze the binary 
and the multicomponent copolymerization processes differently. The infor- 
mation obtained from binary copolymerizations (rl  and r z )  represent but a 
preliminary stage in the characterization of the monomer reactivity involved 
in a multicomponent copolymerization, a much more complex system. More- 
over, the penultimate model must be taken into account in any kind of co- 
polymerization process. 
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FIG. 5. The approximate 95% confidence regions for the reactivity ratios 
r l  
r31 = 0.53,r23 = 1.12, ~ 3 2  = 0.63), Rudin's model 1231 M-2 ( r I 3  = 1.13, 
r31 = 0.23, ~ 2 3  = 0.40, r J 2  = 0.85), and OPT-6 ( r13  = 0.7912, r31 = 0.2658, 
~ 2 3  = 0.5615, r 3 2  = 0.7645) methods for MAN (M1)/ST (Mz)/MSt (M3) 
ternary copolymerization. 

and rZ1 determined by the TM (binary copolymerization: 113 = 0.38, 
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1 2 3 4 i 

h 3  

FIG. 6. The approximate 95% confidence regions for the reactivity ratios 
~ 1 3  and r 3 1  determined by the TM (binary copolymerization: r 1 2  = 0.44, 
r z l  = 0.37, r z 3  = 1.12, r 3 2  = 0.63), Rudin’s model [23] M-2 ( r I 2  = 0.53, 
r z l  = 0.52, r 2 3  = 0.40, r 3 2  = 0.85), and OPT-6 ( I I ?  = 0.4915, r z l  = 0.4689, 
1 2 3  = 0.5615, r 3 2  = 0.7645) methods for MAN (M1)/St (Mz)/MSt (M3) 
ternary copolymerization. 
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I 
0.5 1 .o 

23 

FIG. 7 .  The approximate 95% confidence regions for the reactivity ratios 
r23 and r32 determined by the TM (binary copolymerization: r12 = 0.44, 
r21 = 0.37, r13 = 0.38, r31 = 0.53), Rudin's model [23] M-2 (rI2 = 0.53, 
r z l  = 0.52, ~ 1 3  = 1.13,r31 = 0.23), and OPT-6 (r12 = 0.4915, rZ1 = 0.4689, 
r13 = 0.7912, r31 = 0.2658) methods for MAN (M1)/St (M2)/MSt (M3) 
ternary copolymerization. 

CONCLUSION 

The OPT technique makes use of all the composition and conversion data 
provided by the copolymerization experiments. It allows the estimation of 
optimum values for the apparent monomer reactivity ratios in binary co- 
polymerizations and in multicomponent copolymerization processes as well. 
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